We report ab initio calculations of the valence electron momentum distribution function n(p) and dynamic structure factor for warm dense Be at Mbar pressures. We observe an unexpected, strong reshaping of the Compton profile upon increasing density, even well before any significant core-wavefunction overlap or electride behavior occurs. We propose that this nonperturbative effect, which is due to a growing influence on n(p) of the orthogonalization of valence and core electron wavefunctions with increasing density, is observable by inelastic x-ray scattering at x-ray free-electron lasers and large-scale laser-shock heating facilities, and may also be more generally important for thermodynamic properties of dense, partially-ionized plasmas.
There is growing interest in dense states of matter intermediate between traditional condensed phase systems and fully-ionized dense plasmas. These "warm dense matter" (WDM) states present unique scientific opportunities with special relevance to planetary and stellar conditions [1] [2] [3] [4] , with obvious importance for the early stages of compression in inertial confinement fusion (ICF) [5] , and with additional broad, long-term scientific potential when considered as the next-stage of evolution of the available thermodynamic parameter space for the condensed phase community.
As with any new material regime, one must determine the dominant microphysics that establishes the resulting (macroscopic) thermodynamic and statistical properties. For WDM, this is complicated by the lack of simplifying features present in either the cold, ordered limit of condensed matter or the hot, non-degenerate limit of fully-ionized dilute plasmas; unsurprisingly, at present, no broadly-applicable, first-principles treatment of WDM is available. One must instead combine methods from these opposing limits [6] [7] [8] [9] [10] and then seek comparison with the limited, but growing, body of WDM experimental results.
As a case in point, a common theoretical approach to WDM [6, 11, 12] treats free or ionized electrons in the random phase approximation (RPA) [13] with perturbative corrections for the electron-ion scattering via the BornMermin approximation (BMA) [14, 15] . This approach necessarily assumes a weak electron-ion interaction and has seen extensive use in the interpretation of inelastic x-ray scattering from WDM [16] [17] [18] [19] .
By contrast, in crystalline materials and other condensed-phase systems it is the electron-ion interaction, both through the Coulombic potential and orthogonalization between core and valence electrons, that plays the dominant role in the overall electronic structure [20] [21] [22] . In addition, at elevated densities, where core wavefunctions begin to overlap, an interesting combination of free-energy effects constrained by valence-core orthogonalization (VCO) can lead to structural changes and novel phases known as electrides in which the valence electrons re-localize in the interstitial spaces between atomic sites [23] [24] [25] . This behavior at low temperatures hints at the possibility of strong influence of the electronion interaction, and in particular VCO, on the electronic structure of WDM. This conclusion, which runs contrary to the commonly stated perspective that the electron-ion interaction becomes progressively less important at high plasma densities [26] , is further supported by the growing use in WDM molecular dynamics simulations of modern density-functional theory methods, such as projectoraugmented wave calculations, that substantially include VCO effects [27, 28] .
Here, we report a detailed theoretical study of the valence electron momentum distribution n(p) for warm dense Be. In addition to being a candidate ablator material for ICF, and thus undergoing extensive study in the WDM context [16] [17] [18] , Be has seen thorough highresolution synchrotron study [29] [30] [31] [32] . Our results illustrate that VCO, which has a long history in the context of electronic structure calculations [33, 34] and which plays an important role in determining the ambient momentum distribution of Be and other materials [35] [36] [37] [38] , steadily grows in importance upon increasing density. This observation may have significant consequences for calculation of the equation of state or thermodynamic susceptibilities (e.g., compressibility) for WDM but here we focus on an issue of central experimental importance: n(p) is a primary experimental observable, appearing as a direct contributor to the dynamic structure factor measured by non-resonant inelastic x-ray scattering (NIXS) in the noncollective scattering regime and subsequently used to infer temperature and density of WDM [6] .
NIXS experiments measure the dynamic structure factor S(q, ω) which determines the relative probability of transferring momentumhq and energyhω from the probe radiation to the sample in the scattering process [39] . At large q, the interpretation of NIXS simplifies due to the impulse approximation (IA) [40] wherein the potential be- 
Relationship between electronic momentum distribution and nonresonant IXS spectrum in the impulse approximation. fore and after the scattering process cancel implying that
where p is the scattering electron's initial momentum. This Doppler broadened Compton scattering is entirely determined by the electronic momentum distribution n(p).
In Fig. 1 (a-d) , we illustrate the relationship between n(p) and the NIXS spectrum using a simple Fermi gas model for the valence electrons. In panel (a), we show the Fermi radial momentum distribution. This corresponds to the Fermi sphere shown in panel (b). In the shaded intersection between the Fermi sphere and a plane perpendicular to q, the Doppler shift, and thus energy transfer, is identical. The area of this intersection as a function of displacement from the origin p q ≡ p ·q defines the Compton profile (CP) J(p q ), shown in panel (c). According to Eq. (1), the CP is displaced by the Compton shift E C =h 2 q 2 /2m e and stretched byhq/m to obtain S(q, ω). In panel (d), we show this along with a representative contribution from tightly-bound core electrons (E B is the core-state binding energy) [41] .
Each of temperature, free-electron density, electronelectron interactions and electron-ion interactions influences n(p). As shown in Fig. 1(e) , interactions, if strong, have a global impact on n(p) and the shape of the CP by moving occupation from states below the single-electron Fermi level to states above, even at T = 0. For an interacting Fermi gas at the density of ambient Be, electronelectron correlations result in a promotion of 5% of electrons to states above the Fermi level [42, 43] . As density increases, this effect diminishes. On the other hand, we show here that electron-ion interactions, which already have a stronger influence on electron occupation at ambient conditions [30, 37] (with 20% of electrons promoted above p F [42] ) have a growing, dramatic impact on n(p) as density increases. This effect, and its consequences are shown schematically in Fig. 1 (e) -(g) and are presented in detail in the remainder of this letter.
In Fig. 2 , we present calculations of the sphericallyaveraged radial momentum distribution n(p) for hcp beryllium at T = 0 as a function of atomic density using a real-space Green's function (RSGF) method [45] [46] [47] that treats the electron-ion interaction non-perturbatively, including the effects of VCO. This is compared to calculations for a non-interacting Fermi gas (FG) and to calculations that include electron-ion interactions perturbatively via the BMA [14] . The distribution function shown in Fig. 2 is the number of electrons per momentum eigenstate n(p), which is related to the momentum density ρ(p) by n(p) = ((2π) 3 /V )ρ(p). The abscissa in Fig. 2 has been rescaled by the Fermi momentum, p F to capture the complete density-dependence of the Fermi gas n(p). The perturbative electron-ion interaction in the BMA results in a slight decrease in occupation at all momenta compensated for by increased occupation above p F . Evidently, the bulk of the BMA density dependence is also captured by the rescaling by p F . The RSGF calculations, on the other hand, show a marked density dependence differing from that of the free or weakly interacting FG. We note two primary features. First, n(p) is nearly uniformly decreased at low p and this depletion gets stronger with increased density. Second, the relative weight of the tail above p F increases with density.
In Fig. 3 , we show Compton profiles that correspond to the momentum distributions from Fig. 2 bient density is in good agreement with high-resolution experimental data [45] . As density increases, the differences between RSGF and FG become quite dramatic: the electron-ion interaction results in a significant reshaping of the CP, shifting weight from the peak out into the high-momentum tails. The broad, nearly uniform depletion of valence occupation for p < p F indicates gross changes in the available phase space. Interestingly, these effects have a simple relationship to atomic density that suggests an overwhelming importance of VCO for n(p) of solids or partiallyionized plasmas at high densities. In Fig. 2b we show a simple rescaling of all RSGF n(p) by the apparent effective free volume per atom inferred fromn, the average occupancy of n(p) at low p (see Fig. 2c ), i.e., V * =nV /2. The simple offset in the effective volume V * indicates that the overall phenomenon can be discussed, at least qualitatively, as an excluded volume effect encompassing the strong constraint imposed by VCO on the valence electron wavefunctions in the vicinity of the ion core. Numerically, V excl = 0.83Å 3 , which is the volume in which 98% of the 1s electrons are contained. There are clear similarities between these results, where VCO with Hartree-Fock bound states has been imposed, and the simpler hard-sphere model introduced by Rousseau and Ashcroft as a heuristic tool for electride formation in Na [25] . In each case, the key physical insight is a substan-tial constraint on the valence electron wavefunctions over a fixed volume per atom, independent of overall atomic density.
These results establish that calculations of the momentum density function for WDM must necessarily include nonperturbative effects of the electron-ion interaction at the level of wavefunctions or Green's function propagators even well before electride formation is reached. We now discuss the consequences of this observation. First, a full understanding of the consequences of VCO on the EOS or thermodynamic susceptibilities, especially the compressibility, will require further work. That being said, the strong non-free-electron-like modification of n(p), and thus also the kinetic energy [48] , with compression makes it clear that its consequences cannot, a priori, be ignored.
Second, moving to experimental consequences, we return to Fig. 3 where, for the highest-density calculations, we show a fit to the RSGF predictions using the BMA with adjustable ρ and T . The large weight in the RSGF tail is reproduced by the BMA model only when increasing the density by 30% and increasing the temperature from 0 to 8 eV. While the exact consequences for interpretation or reinterpretation of experiment will require further work, the message is clear: failure to include the effects of VCO will result in a systematic overestimate of either T , n e , or both.
In Fig. 4 we compare RSGF and BMA valence contributions to synthetic NIXS spectra under the following four thermodynamic conditions: (a) ambient, (b) isochoric heating, (c) isothermal compression, and (d) shock-compression/heating. High-temperature RSGF calculations were performed by using a finitetemperature exchange-correlation potential [49] and using the Fermi distribution for the occupation of states both in the self-consistency loop and in the final calculation of the Compton profile. [50] The ionic lattice was kept ordered. All curves have been broadened by a 5-eV FWHM Gaussian. At this resolution, which is attainable using the seeded source at LCLS, the effects of VCO on the Compton profile should be measurable.
One interesting future direction is to investigate the corresponding momentum-space phenomenon associated with the real-space segregation of valence charge density in proposed electride phases. It may be the case that electride formation can be more easily observed, especially in disordered systems, by its influence on n(p) rather than by its slight modification of the static structure factor S(q) in elastic scattering.
In conclusion, we have shown that non-perturbative effects of the electron-ion interaction, such as core-valence orthogonalization, play an increasingly important role in determining the momentum distribution of free electrons in ordered dense matter as density is increased. This will have a profound effect on the interpretation of NIXSbased diagnostic measurements of WDM, and may also be relevant for thermodynamic properties of dense, partially ionized plasmas. This work was supported by the US Department of Energy, Office of Science, Fusion Energy Sciences and the National Nuclear Security Administration, through grant DE-SC0008580. We thank J. J. Rehr, S. Huotari and S. Hanson for many helpful discussions. 
